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Abstract
The Dixit-Stiglitz aggregation has been established as a conventional technology for analyzing monopolistic competition and prod-
uct diversity in a micro-founded economic model. However, a simple method for aggregating individual choices cannot be applied
to a case in which an economic system relies for its interaction on heterogeneous agents. In this paper, we examine the eﬀects of
a stochastic aggregation on group behavior in the adaptive belief system (ABS); our simulation study allows stochastic switching
between fundamentalists and chartists for finite number of agents. In particular, agents are allowed to deviate from the behavioral
rule, and they are considered irrational. The results show that the stochastic switching has strong influences on price dynamics,
especially when the economy is dominated by irrational agents.
c© 2013 The Authors. Published by Elsevier B.V.
Selection and peer-review under responsibility of the Program Committee of IES2013.
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1. Introduction
The Dixit-Stiglitz aggregation has been established as a conventional technology for analyzing monopolistic com-
petition and product diversity in a micro-founded economic model [7,13]. A micro-economic analysis of households
and firms is based on a representative agent framework, and its analytical tractability has gained popularity over the
last century. Indeed, the New Keynesian model with a single representative agent includes the optimizing behavior in
an environment with nominal rigidities, that is the ways in which the agent can adjust to economic changes in imper-
fect market.1 Hence, theoretical arguments such as forward-looking and rational expectations are vital for achieving
the model’s simplification.
However, current challenges facing realistic market behavior call for a new approach to expectation formation
processes, that is heterogeneous expectations and bounded rationality. For example, the adaptive belief system (ABS)
∗ Corresponding author. Tel.: +82-32-835-8972; fax: +82-32-835-4915.
E-mail address: taeseok.jang@gmail.com
1 For example, a dynamic feature of the IS-LM model is implicitly expanded by considering a simple aggregation of economic choices made by
the representative agent.
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includes two type of investors who follow an economy-wide decision rule from the relative performance of trading
strategies [1]. To show this, the model allows a non-linear switching rule to explain social interactions between
fundamentalists and chartists. From this, we can create realistic market dynamics, but a simple method for aggregating
individual choices cannot be applied to a case in which an economic system relies for its interaction on heterogeneous
agents. In particular, we need to implicitly aggregate the switching behavior between the fundamentalists and the
chartists for infinite number of agents. This simplification facilitates the eﬀects of behavioral heterogeneity on the
price movement.
In this paper, we investigate whether the implicit aggregation across the heterogeneous agents is stochastically
consistent with the switching rule in ABS for finite number of agents. In other words, our study aims to show to what
extent a stochastic switching has the influences on price dynamics; agents are allowed to deviate from the behavioral
rule, and they are considered irrational. The results show that the stochastic switching has strong influences on price
dynamics, especially when the economy is dominated by irrational agents. In this respect, we find that a large number
of rational agents can provide a good approximation to the periodic switching behavior.
The paper is organized as follows. In Section 2, we discuss the basic properties of ABS and examine the relationship
between the switching dynamics and equilibrium price. In Section 3, we simulate the model based on stochastic
aggregation of finite number of agents. Finally, section 4 concludes the paper.
2. Model: the adaptive belief system
To examine the eﬀects of heterogeneous trading rule on price volatility, we apply the model framework of ABS
[2,3,8,9,10]. The model is based on the traditional portfolio theory, but the optimizing behavior includes heteroge-
neous expectations. Thus it is assumed that there exist two types of investors in financial markets; that is, fundamen-
talists and chartists.2 Their strategies follow simple behavioral rules:
E1,t[pt+1] ≡ pe1,t+1 = p∗ + ν(pt−1 − p∗), 0 ≤ ν ≤ 1; (1)
E2,t[pt+1] ≡ pe2,t+1 = p∗ + g(pt−1 − pt−2), g ≥ 0. (2)
The fundamentalists (type 1) believe that tomorrow′s price will move to the fundamental price p∗ by the adjustment
speed of ν; if pt−1 < p∗, for example, then the fundamentalists expect that this diﬀerence will be covered by the market
clearing, but with a time lag of the adjustment speed in the market.3 On the other side, the chartists (type 2) make use
of information about the observed price trend and continuously update the investment opportunity with the adjustment
speed of g.
In the model, the investors can allocate their wealth in two ways, namely either to keep their money in a risk-free
asset or to invest it into a risky asset. Because of this simplification, we see that the total wealth in period t + 1 is the
sum of the current wealth and expected investment profits:
Wh,t+1 = (1 + r)Wh,t + {pt+1 + y − (1 + r)pt} · zh,t, h = 1, 2 (3)
where the state variable zh,t refers to the market demand for the risky asset of trader type h. The variables y and r
denote a constant dividend and interest rate. For the sake of simplicity, we use the notations R and Rt+1 for 1 + r and
pt+1 + y − (1 + r)pt, respectively.
In the context of traditional portfolio theory, investors seek to maximize the expected return, but minimize the
investment risk. This can be formulated as:
Φ ≡ max
zh,t
Eh,t(Wh,t+1) − a2 · Vh,t(Wh,t+1), (4)
2 This classification has a long history, and remains flexible by allowing changes in market behaviors; also see other heterogeneous asset pricing
models [4,5,6].
3 Without loss of generality, we assume that the fundamental price is constant over time. As a result, the deviation of market price from the
fundamentals plays an important role in creating volatility in the price movement.
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where a measures risk aversion (a > 0). Its optimality is based on first derivative of Eq. (4) with respect to the market
demand:
∂Φ
∂zh,t
= Eh,t(Rt+1) − a · Var(Rt+1)zh,t != 0; (5)
The market clearing results from the myopic mean variance optimization of heterogeneous agents:
zh,t =
Eh,t(Rt+1)
a · Vh,t(Rt+1) . (6)
For the sake of simplicity, we assume that investors have a constant belief of variance (Vh,t ≡ σ2). Since the trading
strategies influence the wealth dynamics through Eq. (3), the evolutionary fitness is described by their accumulated
profits:
Uh,t = (1 + r)zh,t−1 + η Uh,t−1
=
R
aσ2
· {peh,t + y − (1 + r)pt−1} + η Uh,t−1,
(7)
where η is the memory parameter; this measures how fast the past fitness is discounted with the trading strategy.
Note that the investors update the utility level and evaluate the chosen trading strategy until the expected profits
do not diﬀer from current market price. In other words, they assess the preference ordering between the trading
strategies, based on the profits. Especially, the intermediate dynamics of ABS may reflect the degree of switching
intensity between two investors according to the discrete choice theory [1]. In this respect, investors’ decision can
provide a good approximation to the observed diﬀerence in the utility:4
nh,t =
exp(βUh,t−1)
exp(βU1,t−1) + exp(βU2,t−1) , (8)
where β denotes the intensity of choice. This parameter measures how sensitive the investors are with respect to the
relative performance of trading strategies. As a result, the evolutionary fitness and choice probability aﬀect the market
demand.5
The updating scheme is now completed by the following rule:
n2,t = n2,t ·
[
exp
{−(pt−1 − p∗)2
α
}]
. (9)
Eq. (9) shows that the updating capacity of chartists is controlled by α; this parameter measures the sensitivity to the
observed deviation from the fundamentals. Finally, we arrive at the price equation for market demand:
p̂t :=
1
R
{n1,t · E1,t(pt+1 + y) + n2,t · E2,t(pt+1 + y)}. (10)
The equilibrium price is derived from the demand of heterogeneous traders, and the current price is adjusted by
their market shares. To sum up, four lagged prices (pt− j, j = 1, 2, 3, 4) and two lagged fitness (Uh,t−1, Uh,t−2) aﬀect
the current price. When initial values are generated around the equilibrium price, we can simulate the price series
from the model; the parameter values in Table 1 are used.
During the intermediate steps, the observed diﬀerence between trading strategies plays an important part in the
evolutionary development of the model; the price movement is endogenously determined by the market fraction of
heterogeneous traders. Accordingly, there exist two steady states when the price movement is marked by periodic ups
and downs; see the limit cycle in Fig. 1. When the chartists are dominant in the market, the model predicts that the
deviation of market price from the fundamentals will increase.
4 The discrete choice framework for the group dynamics is commonly described by Gibbs distribution in cases where the economic system is
inhibited by infinite agents [12].
5 However, simulation studies show that there exist unstable equilibria where the value for the intensity of choice is greater than two (β > 2)
[8,9,10]. The system can undergo a bifurcation with strong switching processes [11].
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Table 1: Parameter values for simulation
label ν g α β r a σ η y P∗
value 1 1.9 1800 2 0.001 1 1 0.99 1 1000
Since the behavior of chartists is aﬀected by changes in the deviation, however, the penalty term can suppress the
market activity of chartists at certain time intervals; that is, exp
{
−(pt−1−p∗)2
α
}
in Eq. (9). Since the price movement is
bounded, the price can be only deviated from market fundamentals to some extent. Thus the updating process places
a limit on the deviation from the fundamentals. On the other hand, when the strategy of chartists is not profitable any
more, the investors may switch to an opposite strategy (fundamentalists). Overall, the price fluctuations in the model
are considered results of the interactive processes between the investors.
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Fig. 1: Deterministic structure of ABS: price (upper-left panel), returns (upper-right panel),
limit cycle (lower-left panel), fraction of chartists (lower-right panel).
3. Stochastic aggregation: irrationality of finite agents
In this section, the model dynamics of ABS are extended allowing for finite number of agents. To consider the
relationship between the agents’ irrationality and price volatility, we propose a stochastic guideline to the discrete
choice theory. Our micro-simulation study approximates a stochastic economic behavior at group level. For that
purpose, the artificial economy employs a small number of agents; the model is simulated with changes in population
size.
To examine the eﬀects of model configuration on the price, first we use a uniform distribution for random utility.
The random utility is drawn from the interval (0, 1). A stochastic switching probability between fundamentalists and
chartists is denoted by its numerical value. Then the random number from the distribution is compared to the switching
probability in Eq. (9). The switching process is based on an economy-wide performance, which is recognized by
infinite number of agents.
From a totally random design of the switching rule, we aim to examine the eﬀects of behavioral rule on the model
dynamics. When agents follow the performance measure in ABS, they are rational. However, the random utility
in simulations allows agents to disobey the observed utility performance in the economy. Thus the irrationality is
captured by the stochastic switching for finite number of agents.
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At group level, the selection process is summarized by random drawings from a binomial distribution. Here Nc
denotes the stochastic realization of the fraction of chartists:
Nc ∼ B(N, n2,t), (11)
where N is the total number of agents. B(· , ·) denotes the binomial distribution specified by n2,t and N. n2,t is fraction
of chartists who must obey the economy-wide decision rule in Eq. (8). For infinite agents who are strongly driven by
recent performance of trading strategies, the switching rule behaves like a deterministic system; this can be enforced
by the impact of rationality on the economic behavior. However, if we allow for finite system, it is likely that agents
do not adhere to the rule; we call it irrationality of finite agents.
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Fig. 2: Stochastic simulations for finite number of agents: two (upper-left panel), four (upper-right panel), 10 (middle-left panel),
30 (middle-right panel) agents, 100 (lower-left panel), and 1000 (lower-right panel) agents.
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Fig. 2 illustrates the eﬀects of finite agents on the returns. When the model is simulated using a small number
of agents (N = 2, 4, 10), we observe irregularities in the price and group dynamics. The support of probability
distribution is clearly discrete in these cases. For example, its probability from N = 2 can be placed into three grid
points; that is, 0.0, 0.5, and 1.0. The increased probability support is used to cope with the case of N = 10: 11
grid points of {0.0, 0.1, · · · , 0.9, 1.0}. The simulation results show that irregular jumps in returns are influenced by
the investors irrationality; that is, the random realization of being chartists in the finite-size artificial economy. Thus
the irrationality prevails for cases of a small number of agents. In addition, if the number of agents in simulations
increases up to N = 30, then the price movement becomes periodic. In case of 1000 agents, the switching process
converges to the limiting case of infinite agents in Eq. (9).
4. Conclusion
This study investigated a stochastic aggregation of ABS in which the switching rule was replaced by stochastic
behavior from finite number of agents. To see this, the model was simulated with changes in population size. Since
our experimental design is based on a stochastic switching rule during the updating scheme, the group behavior can
increase the price volatility in the economy. This was caused by the fact that irrational agents may disobey behavioral
rule set out by trading strategies. In particular, our computer simulation shows that the economy-wide performance
measure from the discrete choice is consistent with aggregation of heterogeneous agents; the system for a large number
of interacting agents can provide a good approximation to regular patterns in the switching process.
Indeed, the quantitative assessment of aggregation behavior to model dynamics is an interesting research agenda,
since this challenges our understanding of the representative agent framework in theoretical economic models. For
example, the future work could study the stochastic aggregation in macroeconomic models; micro-level interactions
may have strong influences on the dynamics of demand and supply in the economy.
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